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Components of a Function

We will discuss what a function is in very general terms at first, and then go to more specific examples. This is not going
to be mathematically rigorous, but it will give us a good basic understanding of how functions work.

A function takes an object from a set, does something to the object, and outputs a different object.

The components of a function are

e The Domain is just the set of objects that the function acts on.
e The Range is the set of all possible outputs from the function.

e The Function is the rule that explains what is done to the object from the domain.

Arrow Diagrams

Arrow diagrams are commonly used to represent functions, or operations on functions like (f — g)(z). Arrow diagrams
mainly help us understand how domains and ranges are involved in the function.

Here is an arrow diagram for an unspecified function f.

The circle on the left represents the domain. Since we can’t list all possible objects in the domain, we just draw the circle
and understand that is the domain. I have identified three specific objects in the domain, z, ¢ and a telephone (I told you
this wasn’t going to be rigorous!)

The range is represented by the circle on the right.

The function is represented by the arrows between the domain and range. Notice that the arrows take an object from the
domain, and output an object in the range.

The objects in the range are represented mathematically by f(z), f(t), and f(telephone).

We read these objects as “f of 7, “f of t”, and ” f of telephone”.
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In the mathematical definition of a function, there is the word unique. This just means that to be function you can’t have
an arrow diagram that looks like the following:

The arrow diagram above doesn’t satisfy the unique requirement, so the arrows do not represent a function. They represent
a relation.

A More Mathematical Example of the Arrow Diagram

Let’s look at the arrow diagram for the specific function f, where f is the squaring function. Since we want to work in
the real numbers, the domain is the set of all real numbers. The range is any real number that is greater than or equal to
zero, since the output of the squaring function is a positive number or zero.

Nt —3 /29

domain all real numbers

range al] positive real numbers
and zero

The z in the domain of the arrow diagram is meant to stand for any element in the domain-it is a variable. This is why
we use the notation for a function f(z), since the x is assumed to come from the domain and represents any element from
the domain.

We write the domain as x € (—o0,00). We write the range as f(z) =y € (0, 00).
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Examples of Proper Functional Notation

The important thing that we must be able to do is use the functional notation correctly. The functional notation is the
form f(x), which we read as “f of ” and that reminds us that the function is acting on the object = from the domain.

Example Given the function f(z) = 22, then what is the value of the function f acting on the elements from the domain:
3,1/3,3z+1, x+h.

f(1/3)=(1/3)?

fBz+1)=(3z+1)?

fl@+h) = (@+hn)?

The last two can be confusing, since they involve x’s. Let’s think of f(3z + 1) in more detail.

The quantity 3z 4+ 1 is an element from the domain, and you should think of it as another element which is completely
different from x. It might help in this case to let z = 3z + 1, and then

fBr+1)=f(z) =2>=(3z+ 1)

Another way to do this is to use brackets but not fill in what goes into them right away,

fBr+1)=(3z+1)?

This technique applied to f(x + h) would yield

Example Given f(z) = 136;127 find f(z + h).
—x

_ rz—1
T 1— g2

1O=127%

rewrite the function

f(x)

rewrite the function, this time replacing every x with brackets (do not simplify yet)

h)—1
fle+h)= m put the quantity you want the function to operate on in all the brackets (do not simplify yet)
— (z
h—1 h—1
flx+h)= s s now you can algebraically simplify

1— (a2 +h2+2zh) 1—a22—h?—2zh

The key idea here is that you do not simplify anything until you have made the substitution! It is incorrect to write
f(x+h) = f(x) + f(h), so never try to simplify in this way. Remember, the algebra of functions is different than the
algebra of numbers you are used to.
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fa+h) - f@)

1
——— simplif
_m,sunply b

Example Given f(z) = 5,2
x

Even though the question asks you to simplify the quantity, you cannot simplify it until you have made the proper
functional substitutions. Let’s get the quantities f(x) and f(x + h) before forming the quantity we are interested in.

2(x +h)2—(x+h)

you can do some algebraic simplification now:
1

22?2+ h?2+2zh) —x —h
1

222 +2h? + 4xh —x — h

Now we have the pieces that go into the quantity we want. Since there are multiple denominators in the quantity we are
interested in, let’s first rewrite the division by h as multiplication by 1/h. Then we can substitute, and start simplifying.

b= @) 1
PERBZSD — Slfa+h) - f@)

Substitute in our results from above:

1 1
202 — 1 2x2+2h2+4xh—x—h}
algebraically simplify by getting a common denominator:
[ 202 +2h% +4zh —x —h 2r% —

| (222 — x)(222 4+ 2h%2 +4zh —x — h)  (2z — 2)(222 + 2h% + dzh —x — h)
now use algebra to simplify as much as possible:

==

S| =

1 [(22* +2h* + 4zh —x — h) — (222 — x)
T k| (202 — 1) (202 + 202 + dzh —x — h) ]
1207 +2h  +dah—f—h—207+ f ]
T b [ (222 —x)(222 + 2h2 + dxh —x — D) |
1 2h* 4+ 4zh — h ]
T h (222 — 2)(222 + 2k + dzh — x — h)
17 h(2h + 42 — 1) ]
(202 —x)(222 + 22 + dah —x — h) |
2h+42 -1

(222 — z)(222 + 2h2 + dzh — x — h)

Notice that my simplification did not include multiplying out two polynomials in the denominator. Remember that how
much to simplify and how to simplify will depend on what you want to do with the quantity you are simplifying. In the
above, we usually will next want to take a limit as h — 0, so the important part of the simplification is canceling the 1/h
in front. You will learn what types of simplifications are necessary as you solve problems, and gain experience. You can
always ask me if I think something can be simplified further.
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Interval Notation

The functions we consider have the domain and range as real numbers. If we want to say that = is an element of the set
of real numbers, we can say that in three different ways:

reR or —00 < T <00 or x € (—00,00)

Note that a square bracket [ means the endpoint of the interval is included (<), and a round bracket ( means the endpoint
is not included (<).

The symbol R represents the set of real numbers from minus infinity to infinity.
There is more discussion of interval notation on the purplemath website: http://www.purplemath.com/modules/ineqlin.htm.

2 —4

Example Find the domain of h(x) = g

We cannot have division by zero, so we want to see where the denominator is zero and exclude that value of x from the
domain:

r—95 =
r = b
so x = 5 is not in the domain.

We also cannot take the square root of a negative number and get a result which is a real number. So we must have values
of x for which

T° — > 0 (we'll see a very cool way of solving inequalities like this in Section 2.8)
22 > 4
r>2 or r<-2

The best way to write the restrictions on the domain in complicated situations like this is to use interval notation, so the
domain is

x € (—o0,—2]U[2,5) U (5,00)

The symbol U means “union”. Since co and —oco are not numbers, we cannot include them in the interval so we always
use round brackets with them.

If you were to plot the function h(z), you would see that the function is only defined for this domain.


http://www.purplemath.com/modules/ineqlin.htm

